Let A be a ring with involution * . The group Sl * (2, A), dened by Pantoja and Soto-Andrade, is a non-commutative version of Sl(2, F ) where F is a eld. In the case of A being artinian, they determined when Sl * (2, A) admitted a Bruhat presentation, and with Gutiérrez, constructed a representation for Sl * (2, A) from its generators. In particular, if A = M n (F ) and * is transposition, then Sl * (2, A) = Sp(2n, F ). 
where K = ker ϕ. if χ is the character of a representation α of a group G, it is dened on the group elements by χ(g) = tr (α(g)).) However, if K is not in the kernel, the restriction of σ to K, σ| K , contains some non-trivial irreducible representation of K. We deal with the latter case in this paper.
We show that K is a normal, abelian subgroup of the form K = 1 + pk for a certain (additive) abelian group k. Characters on K can be dened for each element in k. By the conjugacy action of G on k, we can nd class representatives for the orbits, i.e. the conjugacy classes. The inertia subgroups for the characters on K are the stabilizers of the action. It suces to consider only the inertia subgroups pertaining to class representatives. Cliord's theorem helps us nd distinct, irreducible representations of G starting with our dened characters on K.
Organization of thesis
In chapter 2, we state the necessary denitions and mathematical preliminaries.
In chapter 3, we reference Pantoja and Soto-Andrade's paper to dene Sl * (2, A)
when A is a ring with involution. We also discuss when Sl * (2, A) admits a presentation.
In chapter 4, we use Cliord theory to explicitly nd irreducible representations for 
Representation Theory
We assume the following: G is a group and V is a complex vector space.
• A linear representation of G is a pair (π, V ) where π : G → GL(V ) is a homomorphism. The degree of the representation is the dimension of V .
• Given two representations of G, say (π, V ) and (σ, W ), a linear map T : V → W is said to be a G-homomorphism if the following property holds for all g ∈ G:
The representations π and σ are said to be equivalent,
• A subspace W ⊆ V is said to be G-stable if for all w ∈ W , then π(g)w ∈ W for any g ∈ G.
• One says that (π, V ) is irreducible if V = 0 and V has no nontrivial G-stable
• Given a representation (π, V ), one can dene a subrepresentation (π W , W ) on a subspace W ⊆ V by restriction, where π W : G → GL(W ).
• For abelian groups, irreducible representations are often called characters; they are one-dimensional representations.
• If (σ, W ) is a representation on a subgroup H of G, then the induced represen-
• Let (σ, W ) be a representation of a subgroup H of G, and g an element of G.
We dene the conjugate representation (σ
where x ∈ gHg −1 . In particular, if H is normal, both σ and σ g are representa-
tions on H.
• Let σ be a irreducible representation of a normal subgroup H of G. Then the inertia subgroup is dened as
• Cliord's Theorem: Let N be a normal subgroup of G and σ an irreducible representation on N . Suppose ind
N σ decomposes into a sum of irreducible representations of T (σ). That is, ind The following information about Sl * (2, A) is found in Pantoja and Soto-Andrade's article [3] .
3.1.1
Denition of the group Sl * (2, A)
Let A be a ring with identity and an involution * , so it is an anti-automorphism of order two. The involution on A can be extended to an involution on the set of 
Let Gl * (2, A) be the set of invertible elements in M * (2, A).
Properties of δ ([3] , Lemma 1.1 and Corollary 1.2):
Remark. Alternative denition for Gl * (2, A):
where Z s (A) × denotes the group of the symmetric, central, invertible elements of A.
We call Sl * (2, A) the subset of M * (2, A) of all g such that det * (g) = 1.
× is an epimorphism. Furthermore, Sl * (2, A) = ker det * ( [3] , Lemma 1.5).
We also have an alternative denition for Sl * (2, A):
In the following section, we dene Bruhat generators for Sl * (2, A) and discuss what it means for the group to have a Bruhat decomposition, which in certain cases leads to a Bruhat presentation.
3.1.2
Bruhat generators for Sl * (2, A)
Denition 3.1.1. The set of matrices {h t , w, u r : t ∈ A × , r ∈ A s } is called the set of Bruhat generators for Sl * (2, A).
One can check that these elements satisfy the relations:
• wh t = h t * −1 w,
We call these relations the Bruhat relations. 
Denition 3.1.3. Let SSl * (2, A) be the group generated by the set {h t ,ũ r ,w : t ∈ A × , r ∈ A s } subject only to the relations
•h tht =h tt ,
•ũ rũs =ũ r+s ,
•h tũr =ũ trt * h t ,
•w 2 =h −1 ,
•wh t =h t * −1w,
That is, SSl * (2, A) is a group that has a presentation whose generators are
Bruhat generators and whose relations are Bruhat relations.
Since the group SSl * (2, A) is generated by elements that satisfy the Bruhat relations, we obtain a surjective map from SSl * (2, A) to SSl * (2, A). We note that this map need not be injective. Note below. Remark. We need to make a general statement that applies to both cases.
Preliminaries: First, we dene a surjective ring homomorphism
For ease of notation, we will write this map as r → r, where r ∈ O/p 2 and r ∈ O/p. It extends to another ring
That is, f is applied to each entry of R ∈ M n (O/p 2 ).
f n is applied to each entry of x as by Equation 3.2. Then ϕ is also a homomorphism.
Lemma 3.2.1. The map ϕ is surjective.
Suppose c = 0. Then det * x = ad t = 1, and there exists y ∈ M n (O) such that
Let G contain the subgroup B and element w as in 3.1.2. It is already known that G has a length 2 Bruhat decomposition ( [3] ), say
where w = ϕ(w).
We have already shown that if x ∈ B, then there exists x ∈ B such that ϕ(x) = x. Since ϕ is a homomorphism, the result follows:
•
In either case, ϕ(x) = x. 
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The groups K and k
Remark. Throughout this paper, computations done mod p 2 will generally use the = sign, while computations done mod p will generally use the ≡ sign.
Let ϕ : G → G be the n = 1 case of the surjective map referenced in Lemma 3.2.1, p. 12.
Lemma 4.1.1. The map ϕ is surjective.
We obtain the sequence
and rewrite K as K = 1 + pk, where
The set k can also be seen as a subset of M 2 (O/p). By denition, if x 1 = 1+ k 1
implies a + d ∈ p since the determinant must be 1. Hence
It is clear that (k, +) is an abelian group.
Proposition 4.1.3. The form · | · on k × k dened above is non-degenerate.
be a non-zero element of k. Then at least one of its entries is non-zero. We must show there exists a non-zero k 2 in k such that k 1 | k 2 = 0.
Proof. It is a homomorphism: for any k 1 , k 2 ∈ k,
Since |K| = |k|, proving injectivity is sucient:
It follows easily then that K is also abelian.
Fix a non-trivial (additive) character ψ of O/p. For k ∈ k, dene a character
Then ψ k ∈ K, the set of one-dimensional representations of K.
Proposition 4.1.5. The map Φ :
First, we need to prove a few statements. Note that O/p = F is a eld with q elements, where q is some prime power, i.e. q = p n . We take our character ψ on F to be the composition of a characterψ on F p and the eld trace map Tr F/Fp on F : Proof. First we show that Φ :
Since | K| = |K| = |k|, we are done if the map is injective. Here we use triv to denote the trivial representation, which acts as the identity map on the vector space. Then
by Proposition 4.1.7.
Cliord Theory
We have proved that K is a normal abelian subgroup of G. We have also shown that the characters ψ k for all non-zero k ∈ k are non-trivial irreducible representations of K. We are now in a position to start applying Cliord's theorem.
Dene an action of G on k for g ∈ G, k ∈ k by g · k = gkg −1 . Recall that the matrices in k were dened by their trace. Note that tr (k) ≡ 0 mod p implies tr (gkg −1 ) ≡ 0 mod p. Of course, this also denes an action of G on k.
This says that the action is G-equivariant for the map k → K, where k → ψ k .
Therefore, ψ g k = ψ g·k , and the inertia group for ψ k is
With the action dened above, it is clear that T (ψ k ) is the stabilizer of k. Note that for all x ∈ K = 1 + pk, we have xkx
In the next section, we determine class representatives for the orbits.
Determining conjugacy classes
We say that two matrices k 1 , k 2 in k are equivalent, denoted by k 1 ∼ k 2 , if they lie in the same orbit. Let [k] be a complete set of class representatives. That is, for each k ∈ k, there exists a g ∈ G such that k ∼ k for one of the k in [k] . In fact, it is enough to nd a g ∈ G. u and −∆ = a 2 + bc, we have
Our approach to this equation depends on whether −∆ is a square or not.
(1a) −∆ is a square:
One way to obtain a solution is to set θ − Since these two equations are linearly independent, we solve for u and θ, by which we nd t = θ + a b u: 
Recall that the norm map is surjective for nite elds. This means that for b −1 ∈ F , we know there exists such θ, u, which give us t. 
, where ε is non-square.
Substituting these equations for v and w in the determinant of g yields
Hence the existence of g depends on the existence of appropriate t and
Since b = 0, we can solve for t:
After choosing u, this is a solution if bε is a square. The product of two non-squares in a nite eld is a square, so √ bε ∈ O/p.  where ε = 1 or is some xed non-square. Also, the zero matrix is its own representative. We would like to extend the non-trivial characters on K to characters on their inertia groups. It is sucient to carry out this process for the non-zero class representatives. Set ψ ∆ = ψ k ∆ and similarly, set ψ ε = ψ kε . Thus, the only inertia groups that we need to consider are
For k ∈ k, dene the subgroup
Note that this notation is consistent with the case ∆ = 0. We have
Similarly, xk ε x −1 ≡ k ε mod p if and only if x ∈ S 0 K. That is,
and it follows easily from the denition of S ∆ that sk ∆ s −1 ≡ k ∆ mod p. These two statements together imply that
Thus sy = x ∈ T (ψ ∆ ). The same argument holds for k ε , S 0 , and T (ψ ε ).
Case (a) Conversely, let x ∈ T (ψ ∆ ),
We will show that x ∈ KS ∆ = S ∆ K by showing there exists 1 + z ∈ K with
But this implies
Case (b) We follow the steps in Case (a) using the data (k ε , S 0 , T (ψ ε )) in place of
Extending to the inertia group
Let θ be a one-dimensional representation of the abelian subgroup S (which
(4.8)
Note that for any s ∈ S, x ∈ K, we have that ψ k (sxs −1 ) = ψ k (x) by denition of the inertia group.
Claim. The map ψ θ is well-dened.
Proof. Let sx = ty where s, t ∈ S, x, y ∈ K. Then
But sx = ty implies xt −1 = s −1 tyt −1 . Continuing, we get
Claim. The map ψ θ is a character.
Proof. It is enough to show ψ θ is a homomorphism. Let sx, ty ∈ SK for s, t ∈ S, x, y ∈ K. Note that since S is in the normalizer of K, SK = KS, and SK is a subgroup. Then we may write xt = t 1 x 1 for some t 1 ∈ S, x 1 ∈ K.
Thus, as θ varies over all the one-dimensional representations of S, ψ θ gives us all the extensions of ψ k to SK.
Specically, denote by ψ θ,∆ a character of S ∆ K, and by ψ θ ,ε a character of S 0 K. Here, θ is a character of S ∆ and θ is a character of S 0 . Moreover, for x = 
Or more specically, by Equations 4.9 and 4.10,
As ∆ and ε vary, we obtain irreducible, distinct representations of G by Cliord's theorem.
The degree of the induced representation
We recall an interesting fact in representation theory concerning the degree of an induced representation: If (σ, W ) is a representation on the subgroup H of G, then the degree of the induced representation (ind
In our case, the degree of the induced representation ind G
Again, this S represents S 0 or S ∆ .
The cardinality of G is known since and |S 0 ∩ K| = q. Also, for ∆ = 0, we have
Proof. Recall that elements of S 0 are of the form
This implies elements in S 0 ∩ K are of the form 
This implies c = − b∆, so elements in S ∆ ∩ K are of the form
We obtain easily that |S ∆ ∩ K| = q.
To calculate the order of S ∆ , rst we dene
sequence, we can use |S ∆ | to calculate |S ∆ |.
1. The mod p map α : S ∆ → S ∆ is surjective by denition of S ∆ .
2. Also, ker α = S ∆ ∩ K. The argument is the same as in the proof of Lemma 4.1.2 (p. 14).
Lemma 4.6.2. 
Thus the number of elements in the kernel of the norm is the same number of elements
Finally, we can calculate the order of S ∆ :
Since S 0 K and S ∆ K are subgroups of G, using Lemma 4.6.1, we obtain the 34 following:
Therefore, recalling |G| = q 4 (q 2 −1), the degrees of the induced representations are dim ind Then K is abelian. To apply Cliord's theorem, we need to dene characters on K.
Once again, we x a non-trivial character ψ of O/p. For k ∈ k, dene a character ψ k on K by ψ k (1 + k 1 ) = ψ(tr kk 1 ), k 1 ∈ k. 
Cliord Theory
Up to this point, we have proved that K is a normal abelian subgroup of G = Sp 4 (O/p 2 ) and have also given characters ψ k of K for all k ∈ k. Recall the inertia group for ψ k is T (ψ k ) = {g ∈ G | gkg −1 ≡ ψ k mod p}, and K is a subgroup of T (ψ k ). As before, the inertia groups are the stabilizers of the action of G on k, where g · k = gkg −1 , g ∈ G, k ∈ k. Note: For k ∈ k, g(1 + k)g −1 = 1 + (gxg −1 ) ∈ K if and only if gxg −1 ∈ k.
What we would like to nd next are representatives of each orbit.
We would like to proceed as before, but now the entries of k ∈ k are elements in M 2 (O/p), a non-commutative ring instead of the commutative eld O/p. Hence, we will need to employ dierent techniques.
We would also like to nd a way to extend characters on K to the inertia group. Recall the subgroup S(k) = {x ∈ G | xkx −1 = k}, which in general is not abelian, but we still need to know its representations. We hope to show T (ψ k ) = S(k)K for the class representatives so that representations of the inertia group are dened in terms of the representations of S(k) and K, and nally use Cliord's theorem to induce up from the inertia groups to get our distinct, irreducible representations of Sp 4 (O/p 2 ).
